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EMBEDDING THEOREMS FOR QUASITORIC 
MANIFOLDS 

VICTOR BUCHSTABER, ANDREY KUSTAREV 


Abstract. The study of embeddings of smooth manifolds into 
Euclidean and projective spaces has been for a long time an 
important area in topology. In this paper we obtain improvements 
of classical results on embeddings of smooth manifolds, focusing 
on the case of quasitoric manifolds. We give explicit constructions 
of equivariant embeddings of a quasitoric manifold described 
by combinatorial data (P, A) into Euclidean and complex 
projective space. This construction provides effective bounds on 
the dimension of the equivariant embedding. 


1. Preface 

The starting point of our research are the following classical results. 

Theorem (Mostow-Palais). Let M be a compact smooth 
manifold with a smooth action of compact Lie group G. Then there 
exists a smooth embedding M -A M. N equivariant with respect to 
a linear representation G -A GL(N,M). 

Theorem (Kodaira) Let M be a compact complex manifold 
with a positive holomorphic linear bundle (for example, M possesses 
a rational Kahler form). Then there exists a complex-analytic 
embedding M —» C P N . 

Theorem (Gromov-Tishler). Let M be a compact symplectic 
manifold with an integral symplectic form oj. Then there exists 
a symplectic embedding of M to C P N with the standard symplectic 
form. 

The central subject of this paper are theorems on equivariant 
embeddings of quasitoric manifolds defined by combinatorial data. 
One of our tasks is to improve the classical theorems in the case 
when combinatorial data defines the corresponding structure on the 
underlying quasitoric manifold. 


2010 Mathematics Subject Classification. Primary 57S15; Secondary 57R20. 
Key words and phrases. Quasitoric manifolds, torus actions, equivariant 
embeddings, simple poly topes. 


1 



2 


VICTOR BUCHSTABER, ANDREY KUSTAREV 


The key object of study of toric topology [8] is a moment- 
angle manifold Zp = Zff +n endowed with canonical projection map 
pp\ Zp —> P, where P = P n C R n is a simple n-dimensional 
polytope with m facets. The manifold Zp may be realised as the 
smooth submanifold in C m invariant under the standard action of 
torus T m on C m . The equivariant embedding Zp C m induces 
the map of the orbit spaces ip: P —> M> 0 . The manifold Zp is a 
complete intersection of (m — n) real quadratic hypersurfaces in C m . 
For polytopes P admitting characteristic function l: T m —> T n there 
exists an (m — n)-dimensional toric subgroup K C T m acting freely on 
Zp. The orbit space of this action Zp/K — M — M 2n is defined to 
be the quasitoric manifold M(P, A). Here the polytope P is a subset 
in given by the system of inequalities Apx + bp ^ 0 and A 
is an integral (n x m)-matrix satisfying the independence condition. 
When the polytope P is fixed, there is a one-to-one correspondence 
between (m — n)-dimensional toric subgroups K acting freely on Zp 
and matrices A satisfying independence condition and defined up to 
the multiplication by an element of GL{n , Z). The canonical projection 
map pp\ Zp —>- P splits into the composition Zp —?• M —> P and the 
projection 7r: M —> P is called a moment map. 

Consider spaces R n x C q and M n x CP 9-1 with the trivial 
action of T 9 on and the standard action on C 9 and 

CP 9-1 . We will provide an explicit construction of an equivariant 
embedding M(P, A) —>■ W l x C 91 for some q± (see theorem 15.5(1 . The 
composition map M —> x C 91 —>■ M" coincides with moment map 
7r: MaPc M n . It follows that the moment map can be extended to 
an equivariant embedding. 

The next main result describes an equivariant embedding 
M(P, A) —>■ R" x CP 92-1 for some q 2 that is also an extension of the 
moment map tv : M —> P C R n . This embedding is determined by 
the combinatorial data (P,A) and a representation k: K —>- T 1 (see 
theorem 15.611 . We describe the induced homomorphism of cohomology 
groups H 2 (] Z) in terms of the representation k: K —> T 1 . We provide 
an algorithm of constructing the embedding from theorems 15.51 and 15.61 
starting from combinatorial data (P, A) and a character k. Moreover, 
theorems 15.51 and 15.61 provide effective explicit bounds on dimensions 
of the equivariant embedding. 

The class of non-singular toric varieties is well-known in 
algebraic geometry. Every toric variety coming from simple 
polytope is canonically associated with combinatorial data (P, A) 
such that bp G Z m and Ap = A T . We describe implications of 
theorems [5761 and P that allow to construct the corresponding 
equivariant embedding M(P, A) —> CP 92 ^ 1 and point out the 

connection with projective embeddings of toric varieties in algebraic 
geometry. 
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2. Notation 

C m is the standard complex linear m-dimensional space endowed 
with the canonical basis e\ — (1, 0,..., 0),.. e m — (0,..., 0,1); 

M m C C m is the standard linear space generated by e±, ..., e m ; 

M™ 0 C is the positive cone i.e. the area formed by all points in 
M n with nonnegative coordinates; 

Z m C M m is the standard lattice generated by ei,..., e m ; 

T m C C m is the standard compact torus 
{{ti,... ,t m ) G C m : |4| = 1, k G [1 ,m\}; the map exp: M m —> T m 
given by the formula exp(x i,..., x m ) = (e 2mxi , ..., e 2mXrn ) induces the 
canonical isomorphism of T m and R m /Z m . The standard h-dimensional 
compact torus is denoted by T k and an abstract h-dimensional toric 
subgroup in the standard torus is denoted by T k ; 

Tj C T"' is a toric subgroup corresponding to an index set / C [1, m]; 
the set / = { i } defines coordinate torus T* C T m ; 

p: C m —> M m is the standard moment map given by the formula 

(1) = (|zi| 2 ,...,|^ m | 2 ); 
s: M^o —>■ C m is the map given by the formula 

(2) s(x = (y/x^,...,y/x^), 

note that p o s = id. 

3. Combinatorial data and moment-angle manifolds 

A polytope P = P n of dimension n with m facets is dehned as the 
set of points in satisfying m inequalities: 

(3) P = {x G : ( a.i , x) + b t ^ 0}, i = 1... m. 

We assume that inequalities are not redundant. 

The number of /’-dimensional faces of P is denoted by fi(P), so 
m = /„_i(P). We may rewrite (J3]) using the matrix form: 

(4) A P x T bp ^ 0, 

where Ap is an (m x n)-matrix and bp G R m . 

The matrix Ap and the vector bp define an affine map 

(5) ip: IRC —y R m , ip[x) = Apx + bp , 

and by (jT)) we have ip(P) = ip(W n ) fl M^ 0 . 

The set of coordinate subspaces of M^ 0 has a canonical combinatorial 
structure of partially ordered set. Using this structure, we may 
introduce canonical moment-angle coordinates in C m . The section 
s: M™ 0 —>• C m dehnes a map T m x M™ 0 —> C m by the formula 
(t, x) —>■ t ■ s(x). This map, in turn, allows us to identify C m with 
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the quotient space (T m x ® 3 >)/ rs_/ ^ where (ti,Xi) ~ (t 2 ,X2) if and only 
if ,x'i = X2 and the element tptf 1 belongs to an isotropy subgroup of the 
point s(a;i) = s(x 2 ). 

Since the matrix Ap has the maximum possible rank of n, there exists 
an epimorphism M m —> M m_n with its kernel equal to Im(Tp). Fixing 
a frame in M m_Tl allows to dehne this epimorphism by the (( m—n ) xm)- 
matrix Cp = (cj^) such that CpAp = 0 and Cp has the rank (m — n). 

Theorem 3.1. (I] The set Zp = p _1 (fp(P)), where P and p are given 
by |2J) and |3]), is a real-algebraic (m + n)-dimensional submanifold in 
C m . The manifold Zp is endowed with a smooth action ofT m induced 
by the standard action of T m in C m . Moreover, Zp is a complete 
intersection of (m — n ) real quadrics in C m , which are given by the 
formulas 

m 

( 6 ) y^cM 2 - b k ) = 0 , j = 1 ... (m - n ). 

k= 1 

Definition 3.2. The manifold Zp is called a moment-angle manifold 
of the simple polytope P. 

If P is a standard n-simplex A n C M n , then ip(P) is a regular 
simplex in M n+1 - a convex hull of basis vectors e\, ..., e n+ \. The 
manifold Zp coincides with the standard sphere S' 2?l+1 C C n+1 endowed 
with the canonical action of the torus T n+1 . Therefore, moment-angle 
manifold Zp may be considered as the natural generalization of the 
odd-dimensional sphere 5' 2n+1 C C n+1 . 

Denote by F 3 , j G [1 ,m], the facets (that is, faces of codimension 
one) of the polytope P. Every index set / C [l,m] determines a toric 
subgroup 

(7) u=n t ,. 

iei 

We will say that an index set / C [1, m] is admissible if the intersection 

(8) F, = fl F, 

iei 

is not empty. In this case every face of the polytope P has the form 

Fi = n Fi for some admissible set /. 

iei 

Faces of the polytope P form a partialy ordered set S(P) that is 

O 

called a face lattice. We define an open face F as the set of points in 
F C P not lying in any of smaller faces of P; hence, the polytope P 
splits into a disjoint union of open faces and every point p G P lies in 

O 

a unique open face of P. This open face will denoted by F(p) and the 
corresponding ordinary face will be denoted by F(p). Therefore, the 
polytope P possesses a canonical structure of combinatorial cellular 
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complex with open faces as cells; all gluing maps in this complex are 
injective. 

Denote by 5(T m ) the set of all toric subgroups of T m . Then there 
is a function y: 5(P) —* 5(T m ) assigning to every face F — F r the 
coordinate torus Tj C T m . Given a point p6h, we denote by T{jp ) the 
toric subgroup y(F(p)). 

The canonical projection map Zp —> P will be denoted by pp. In 
this case the subgroup y(F) C T m is the isotropy subgroup of the 
set p~p l (F ) C Zp and also the isotropy subgroup of any point in 

p P (F) C Zp. The combinatorial structure of Zp considered above is 
induced by the canonical map Zp C m . In particular, the following 
holds. 

Lemma 3.3. There exists a section sz P '■ P —> Zp of the map 
Pp : Zp — y P . 

Proof. The section sz P : P —> Z P is defined by s: —y C m . □ 

4. Characteristic functions and quasitoric manifolds 

Davis and Janusckiewicz introduced toric varieties’ topological 
counterparts in their seminal paper m- This new class of topological 
manifolds has been described in terms of properties shared by 
non-singular projective toric varieties. To distinguish this new class 
of manifolds from toric varieties, the new term «quasitoric manifolds» 
has been adopted (0)- 

Fixing an arbitrary set Q and a group G, there is a fundamental 
correspondence between the sets of following objects my 

• a set X with a left action of G and an orbit space X/G = Q 
endowed with a section s: Q —y X. 

• a map Q —> S'(G), where S'(G) is a set of subgroups of G. 
Given an action of G on X such that X/G = Q and a section 
s: Q X, one can define a function y: Q —> S'(G) mapping a point 
q E Q to a stationary subgroup G s ( g ) G 5(G) of s(q). Conversely, 
a map y: Q —> 5(G) defines an action of the group G on a quotient 
set X = ((Q x G)/ ~), where (qi,gi) ~ ( 92 ,^ 2 ) «=> hi = <?2 and 
gigf 1 £ x(Qi)- We obtain space X with the left action of the group 
G given by a formula g ■ (q , h) = (q , gh ) and a section s(q) = (q, e). The 
orbit space of this action is obviously identified with the set Q. 

Following the definition in ra. let us consider a topological space 

Z P = (P x T m )/ 

where 

(Pi,h) ~ {P 2 ,t 2 ) Pi=P 2 and t 1 tf 1 eT(p 1 ). 

Topological invariants of space Zp are determined by combinatorial 
invariants of the underlying polytope P. As noted in ([5]), the existence 
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of a section map is crucial in establishing the equivalence of different 
constructions of moment-angle manifolds and quasitoric manifolds. In 
the case of moment-angle manifolds Zp the section map exists, as 
shown in lemma 1X31 

Lemma 4.1. There is a canonical T m -equivariant homeomorphism 
Zp —if Zp. 

Proof. We will use the section Sz P ■ P —>• Zp constructed in lemma 
13.31 Consider a natural T m -equivariant map zp: (P x T m ) — y Zp given 
by the formula 

zp(p,t) = (t ■ s Zp {p ))• 

The map Zp induces a homeomorphism Zp — » Zp. □ 

Definition 4.2. The topological manifold Zp is called a combinatorial 
model of the moment-angle manifold Zp corresponding to the polytope 
P. 

Corollary 4.3. For a given combinatorial type of polytope P there 
exists a unique (up to T m -equivariant homeomorphism) combinatorial 
model Zp of the moment-angle manifold Zp. 

Recall that the geometric realization of the polytope P by the 
pair ( Ap,bp ) determines the smooth manifold Zp endowed with 
the canonical equivariant homeomorphism Zp —> Zp. There is 
a correspondence: 

• convex geometry of P •<=>■ geometry and differential topology 
oiZp 

• combinatorics of P algebraic topology of the combinatorial 
model Zp. 

It is not known whether there exist non-diffeomorphic moment-angle 
manifolds Zp 1 and Zp 2 with combinatorially equivalent polytopes P\ 
and P 2 . As shown in HU, any two combinatorially equivalent simple 
polytopes are diffeomorphic in the category of manifolds with angles. 

The study of the combinatorial model Zp is strongly connected with 
an invariant s(P) known as Buchstaber number (|3j, [SJ). The number 
s(P) is defined as the maximum possible dimension of a toric subgroup 
in T m acting freely on Zp. Since Zp is equivariantly homeomorphic 
to the combinatorial model Zp , the number s(P) is a combinatorial 
invariant of the polytope P. A survey of recent results about s{P) may 
be found in [13]. 

For a given simple polytope P = P n with m facets the maximum 
possible value of s(P) is equal to m — n. In this case there exists 
a subgroup K C T m isomorphic to T m ~ n and acting freely on Zp. 
The subgroup K may be defined via short exact sequence of the form 

(9) 1 —> K —> T m —> T n —> 1. 
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Let us fix an (in — n)-dimensional subgroup K C TP n acting freely on 
Zp. Fixing basis in K ~ TP n-n , we obtain an integral (m x (m — n))- 
matrix C determining a monomorphism T m-ri —> TP*. The matrix C is 
determined up to a change of basis in the torus T m-n ; if D is an integral 
matrix defining basis change in TP 1- "', the matrix C is replaced by CD. 
Once the subgroup K is hxed, defining an epimorphism T rn —> TP in 
the short exact sequence (J9j) is equivalent to choosing the basis in the 
quotient group T m / K. Let us fix some basis in the group T m /K ~ TP. 
Denote by l: T m —y TP the corresponding epimorphism in the short 
exact sequence ([U]) . Recall that an index set / C [1 ,m] is admissible if 
the intersection of corresponding facets is not empty in the polytope 
P. Then the homomorphism l satisfies the following independence 
condition-. 

• (/ - admissible set) =>■ (Tj Piker / = 1). 

The homomorphism / is called a characteristic function for the 
polytope P. Once the bases in T m and TP are hxed, we see that the 
homomorphism /: T m —> TP is determined by an integral (n x m)- 
matrix A. By construction, we have AC = 0. Moreover, independence 
condition for / implies the following property of A (that will also be 
called an independence condition): 

• if A„ is a matrix formed by columns corresponding to facets 
containing some vertex v, then det A„ = ±1. 

We obtain a short exact sequence of coordinate tori of the form: 

(10) 1 -A T m ~ n -4 T m -4 T n -A 1, 

where homomorphism l is given by the matrix A and homomorphism 
i is an embedding K T m defined by the matrix C. 

As shown in [4], this construction is invertible: any simple polytope 
P C R n with m facets and an (n x m)-integral matrix A satisfying 
independence condition determine a characteristic homomorphism 
/: T m -A TP. The kernel K = ker / acts freely on the corresponding 
moment-angle manifold Zp. 

Definition 4.4. ([!]). The quotient space M = Zp/K , endowed with 
a canonical smooth structure, is called a quasitoric manifold determined 
by combinatorial data (P, A). 

Recall that the construction of a moment-angle manifold uses only 
the simple polytope P C W 1 . To define the quasitoric manifold, 
one needs an additional piece of information, namely, the matrix A 
determining a characteristic function l. The problem of describing 
simple polytopes P admitting at least one characteristic function is still 
open. Simple polytopes that do not admit a characteristic function are 
known to exist in every dimension n > 3. Any three-dimensional simple 
polytope admits a characteristic function by the four-color theorem. 
This characteristic function is constructed via the edge graph of the 
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dual polytope; the algorithm is quadratic by the number of vertices of 
the polytope (see e.g. [22]). 

The manifold M is equipped with the induced action of compact 
torus TP ~ T m /K. The action of TP on M is locally standard : any 
point x € M has an open neighborhood equivariantly diffeomorphic to 
a region in CP with the standard action of TP. This implies that the 
action of TP has only isolated fixed points on M. 

If we denote by 7q : Zp — > M the canonical projection to the quotient 
space, then the projection map pp\ Zp —> P splits into composition 
p P = 7T o tti, where ir\ M —> P is called a moment map. This name 
comes from the theory of Hamiltonian torus actions on symplectic 
manifolds (m na, usd. The moment map defines a bijection between 
the set of fixed points of torus action on M and the set of vertices of 
the polytope P. 

Let v = P| Tj be a vertex of the polytope P. The independence 

i£l 

condition implies that the square matrix A„ induces an automorphism 
of torus T n . It follows that the matrix AjpA is also the matrix of 
a characteristic homomorphism l v : T m —>■ TP, whose restriction to the 
coordinate subtorus Tj is given by the unit (n x n)-matrix. Suppose 

that vertices of the polytope P are ordered in such a way that v — P| F t 

iei 

is an intersection of first n facets. Then the matrix AjpA of the 
characteristic homomorphism l v has the following form (it is called 
reduced form of the characteristic matrix ): 


( 11 ) 


A^A 


/I • • • 0 Ai in+ i 

\0 ■ 1 A nin+ i 



In this case the (m x (m — n))-matrix C may be written in the 
following form: 


( 12 ) 


C 



Al,,rP 

An,n+l 

A n,m 

1 

0 


\ 0 ••• 1 


Topological space Zp played an intermediate role in the paper m 
- it was employed for constructing topological models of quasitoric 
manifolds M = (P x TP)/ where: 

(PiPi) ~ (P2,t 2 ) Pi=P2 and ptf 1 e l(T(p 1 )). 


As mentioned in [5], one has to specify a section P —> M before 
proving that space M is homeomorphic to an abstract quasitoric 






EMBEDDING THEOREMS FOR QUASITORIC MANIFOLDS 


9 


manifold defined in [TO] by axioms. In this paper we define quasitoric 
manifolds as the quotients of moment-angle manifolds, so the 
construction of a section P —x M is straightforward. 

Lemma 4.5. The map it: M —y P has a canonical continious section 
sm '■ P —t M. 


Proof. Let sm = ° sz P ■ □ 

The polytope P has a canonical structure of smooth manifold with 
angles; the projection map it and section map s are smooth with respect 
to this structure. 

Lemma 4.6. There exists a canonical T n -equivariant homeomorphism 
M -A M. 

Proof. Consider a natural T n -equivariant map Zm : (P x T") a M 
given by the formula 


ZM(p,t ) = (t ■ s M (p))- 

The map Sm induces the homeomorphism M —> M. □ 

We see that the topological manifold Zp is the universal object for 
all quasitoric manifolds determined by combinatorial data (P, A). Any 
quasitoric manifold that is determined by a pair (P, A) is equivariantly 
homeomorphic to a quotient space of the topological manifold Zp by 
a free torus action. 

Let F = Fj = fj Fj be a face of codimension k of the polytope P. 

iei 

Recall that the embedding K ^A T"' is given by the (m x (m — n))- 
matrix C. Denote by Cj the matrix obtained from C by removing rows 
with indices from the set /. 

Lemma 4.7. [4] The matrix Ci determines a monomorphism ofZ m ~ n 
to a direct summand in Z m_ l 7 L 

Proof. It is enough to show that the corresponding composition map 
K T m —x Tn is a monomorphism. The kernel of projection 
map T m -A T[ 1)m ]\j is the torus T r C T m , and since K = ker l and 
l: T m —x T n is a characteristic homomorphism, the subgroups K and 
Ti have trivial intersection. □ 

Lemma 4.8. Quasitoric manifold M has a canonical T n -invariant 
Riemannian metric. 

Proof. The action of the compact torus T m on C m is orthogonal, so 
is the action of K C T m on the moment-angle manifold Zp C C m . The 
metric on the quotient M = Zp/K is therefore well-defined. □ 
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5. EQUIVARIANT EMBEDDINGS OF QUASITORIC MANIFOLDS. 

Every vector a = (op,... ,a m ) G Z m determines a real-algebraic 
monomial function (p a : C m —> C given by the formula: 

Pa{ z li ■ ■ • j z m) = Z 1 ‘ ' z m j 

where 

• z = 1 if a.i = 0, 

• zff = if di > 0, 

• if = z~ ai if a, < 0. 

Let t = (ti,... ,t r ) G T r , a — (ai,..., a r ) G Z r , A be an integral 
(/ x r)-matrix and be the k -th row of the matrix A. We will use the 
notation t a = tf • ... • tf G T 1 and = (t Al ,..., t Al ) G T l . 

It follows directly from the definition that if a G Z m and t G T m , 
then ( p a (tz ) = t a Lp a (z ) for all z G C m . The standard lattice 7L m C M m 
may be identihed with the lattice of characters of the torus T m , which 
is a subset of conjugate Lie algebra t* n . The group K is a direct factor 
in the torus T m , so the epimorphism of conjugate Lie algebras t* n —> 
induces an epimorphism of corresponding lattices of characters. Any 
character K —> T 1 may be split into a composition K T m —> T 1 
and therefore is determined by a vector a G Z m . Conversely, any vector 
a G Z m determines a character k a ■ K <-A T m —> T 1 . 

Recall that the embedding of the group T m ~ n ~ K T m is given 
by the matrix C, so any element t G K has the form t = t c for some 
(unique) element r G T m ~ n . 

Lemma 5.1. For any t G K we have 

ip a (tz) = T aTC (p a (z ), 

where t = t c and r G T' n ~ n . 

Proof. We have (f a (tz) = t a (p a (z) = ( T C ) a ip a {z ) = T^ aTc ^(p a {z). □ 

Lemma 5.2. Let a, a' G Z m . Then the following statements are 
equivalent: 

(1) vectors a and a' generate the same character of the group K , 

(2) C T a = C T a!, 

(3) (a — a') G Im A T . 

Proof. The character of the group K induced by the vector a — a' is 
trivial if and only if (a — a') G kerC T . Since C T is a cokernel matrix 
for A T , spaces kerC T and ImA T coincide. □ 

Therefore, the standard lattice Z m C M m splits into affine layers 
of the form (C T )~ 1 (b), b G Z m-n , and vectors from the same layer 
determine the same character K —> T 1 . The sublattice kerC* T D Z m 
corresponds to the trivial character of K. 
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Lemma 5.3. Suppose that vectors ai,...,a q G define the same 
character k: K —>■ T 1 . Letip: Zp —» C 9 be a restriction of the monomial 
map (ai,..., a q ) to the moment-angle manifold Zp C C m . 

(1) If the character k is trivial, then p is constant on orbits of 
the action of K on Zp. The map p induces a smooth map 
(p: M —» C 9 equivariant with respect to some representation 
T« _s. x 9 , where action of T 9 on C 9 is supposed to be standard. 

(2) If the maps p ai ,..., p aq don’t vanish simultaneously on Zp, 
then the map p induces a smooth map p ¥ : M —> CP 9-1 
equivariant with respect to some representation T n —» T 9 , where 
the action of T 9 on CP 9-1 is supposed to be standard. 

Proof. The map p is equivariant with respect to the representation 
I™ —>- T 9 generated by vectors a\,... ,a q . As mentioned above, p a {tz ) 
= k{t)p a (z) for every t G K. So if the character k is trivial, the 
map p: Zp —> C 9 is constant on orbits of the smooth action of 
the compact group K. The map <p therefore induces a smooth map 
p: M —> C 9 , which is equivariant with respect to some representation 
T m /K ~ T n —>• T 9 . 

If the character k is nontrivial, the action of any element t G K on 
Zp multiplies all components of p by the same complex number. Since 
the image p(Zp) C C 9 is compact and does not contain the origin, 
we may apply the same arguments as above to the composition map 
p ¥ : Z P ^4 C 9 \ {0} —>■ CP 9-1 . □ 

Definition 5.4. Maps of the form p: M —> C 9 and p ¥ : M —y CP 9-1 
constructed by a family of vectors a\, ..., a q as in lemma [5731 are called 
monomial maps of the quasitoric manifold M. 

Therefore, functions of the form p a , a G Z m , generate a family of 
smooth equivariant maps of the manifold M. As we will show, this 
family is wide enough to construct equivariant embeddings of quasitoric 
manifolds to projective spaces in terms of combinatorial data (P, A). 
These embeddings are parametrized by characters of the group K\ the 
trivial character defines an equivariant embedding to Euclidean space. 

Consider a generic situation of a compact Lie group G acting 
smoothly on a compact manifold M. According to Mostow-Palais 
theorem (na, eh). there exists a smooth embedding M —> M. N 
equivariant with respect to some representation G —y GL(N,M). The 
proof uses functional analysis: matrix elements of finite-dimensional 
representations of G are dense in space of all smooth functions on 
M with the canonical action of group G. Note that Mostow-Palais 
theorem does not provide any bounds on the dimension of space 
of the embedding. We will show that for quasitoric manifolds one 
can construct an equivariant embedding in an explicit way by using 
monomial maps defined above. A natural bound for the dimension of 
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space of the embedding is in this case given by the number of edges of 
the polytope P. 

Let us fix some character k: K —y T 1 . Since the matrix C determines 
the isomorphism of T m_n and K , the character k is uniquely determined 
by some vector b G Z m_n . Recall that for a given set of indices I C [1, m] 
we denote by Ci the matrix obtained from C by removing rows with 
indices from I. 

• Let r C P be an edge of the polytope P. Since the action of 
T n on M is locally standard, the isotropy subgroup x(vr _1 (r)) 
of the submanifold 7r _1 (r) is an (n — 1)-dimensional toric 
subgroup in T". Denote by $ r : T” —y T 1 the character with 
kernel isomorphic to x(7T _1 (r)), and by p r the composition 

p r : T m —T n T 1 . There is an ambiguity in the definition 
of /i r which will be resolved a bit later. 

• Let k: K —> T 1 be a character of the group K and 
v = Fj G P be a vertex of P. By lemma 14.71 the projection map 
pj: K T ,n —> Tr lim i\/ is an isomorphism. One may associate 

with the vertex v a character k v : T m —> —0- K —^4- T 1 . 

• Let k : K —> T 1 be a character of the group K, r C P an edge 
of P and v E r a vertex lying on the edge r. Then the pair (v, r ) 
determines a character k v;r : T m —> T 1 dehned as the sum of the 
characters k v : T m — > T 1 and /i r : T m — > T 1 . 

The set of pairs of the form {character k: K —> T 1 , vertex v G P} 
determines the set of characters {k v \v G P} C ch(T m ) and the set of 
triples of the form {character k : K -P T 1 , edge r C P, vertex v G r} 
determines the set {k v>r \v G r C P} C ch(T m ), where ch(T m ) is the 
set of all characters of T" 1 . Therefore, every character k: K — > T 1 
determines the set X~ k = ({fc w } U {fc„ ir }) C ch(T m ). We list some of the 
properties of the set X k and characters k v and k v y. 

(1) The number of different characters in X k does not exceed 
/o(P)(n + 1), because there are at most /o(P) characters {k v } 
and at most nfo(P) = 2 fi(P) characters of the form {k vr }. In 
practice, |A^| is often much less than this upper bound, since 
characters k v and k v r may be equal for different vertices v G P 
and pairs (v,r). 

(2) The restriction of any of characters k v and k V)T to the subgroup 
K C T m is equal to k: K — » T 1 . 

(3) For any vertex v G P the character k v is trivial if and only if 
the character k is trivial. 

(4) The character p r does not depend on k and is nontrivial for 
every r C P. The restriction of p r to the subgroup K is trivial. 

(5) Every character k v , v G P, is well-defined, but characters 

: T n —> T 1 and p r : T m —> T 1 are dehned only up to 
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multiplication by ±1, so the definition of k v , r is still ambiguous. 
If Vq : Vi are vertices lying on an edge r C P, then, as we will 
show later, the character k vi — k vo is a multiple of /i r . We set 
k vo ,r = k vo + hr; where fi r has the same direction as k vi — k VQ . 
If k Vl = k V0 , then we assume that the first nonzero coordinate 
of m-vector defining p, r : T m — > T 1 is positive. 

(6) If the character k is trivial, the cardinality of X k does not exceed 
fi ( P ) + 1, because k v = 1 for all v G P and if Vo , V \ are vertices 
of an edge r C P, then k V0)T = k Vl , r = /r r . 

Vectors w r that define characters <f> r , r C P, form an integral (nxq)- 
matrix W. Consider the corresponding linear representation <f> of the 
torus T" in linear space C 9 . The moment map n: M —> P C M n is 
equivariant with respect to the trivial torus action on M n . 


Theorem 5.5. The moment map n: M —> P can be extended to 
a real-algebraic embedding it x(p\ M —> M n xC 9 equivariant with respect 
to the representation <f>: T n —> T 9 . 


The number q in theorem 15.51 does not exceed the number of edges 
of P, as follows from the construction of the representation <3>. 

Theorem 15.51 is a corollary of a more general result on projective 
embeddings of a quasitoric manifold M. Every character from the set 
constructed above determines a vector a G Z m , which in turn 
determines a monomial function ip a : C m — > C. Therefore, the set X^ 
determines a monomial map \ C m —> C 9 , where q = \X~ k \. As we will 
show, the corresponding map (p v k : M —> CP 9-1 is well-defined. 

Every representation k\ K T 1 determines a complex linear bundle 
£jj, —> M, where ^ = Zp Xk C and the action of K on C is defined via 
the character k. It is known from algebraic topology that the groups 
H 2 (M ) r L) and ch(A') are isomorphic and so we may assign to the 
character k: K —> T 1 the cohomology class c,\ (^) G P 2 (M, Z). Note 
that the class ci(^) is determined by a map /: M —> C P N such that 
the bundle ^ over M is a pull-back of the tautological linear bundle on 
CP N for N large enough. It turns out that the map / may be extended 
to an embedding of M. 


Theorem 5.6. The set of characters X k , where k: K —> T 1 
is an arbitrary character, determines a monomial map 
cp p k : M —> CP 9-1 (see def. \5.f\) that can be extended to an embedding 
7r x </3 P £ : M gPx CP 9-1 . The induced cohomology pullback 
<£>* ^: P 2 (CP 9_1 , Z) —)• H 2 (M, 7j) coincides with the classifying 

map P 2 (CP°°,Z) H 2 {CP q ~ l ,Z) —>■ H 2 (M, Z) of the bundle f- k . If 
the character k is trivial, then the image of the map <p p k lies entirely 
in some affine chart C 9-1 C CP 9-1 . 
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Remark 5.7. If the pair (P, A) determines a projective toric variety, 
then embeddings in theorem 15.61 generalize projective embeddings from 
algebraic geometry. 

Let us provide an explicit algorithm for constructing the set 
X k c ch T m starting from (P, A) and a character k: K —» T 1 . 

(1) Construct the matrix C that fits into the short exact sequence 



<m —n 


Recall that Im(C') = K C T m . 

(2) Using C, we may identify the character k: K —>• T 1 with 
a character of standard torus T m-n given by a vector b £ Z m_ ”. 

(3) For a given vertex v — Fj £ P consider an ((m — n) x (m — n))- 
matrix Cj obtained from (m x (m — n))-matrix C by removing 
n rows corresponding to the index set / (by lemma 14.71 the 
matrix Cj is invertible). 

(4) Consider a vector b v £ Z m obtained from the vector 
(Cj) _1 (6) £ Z m_n by putting zeros in places from the index 
set /. Let k v : T m -)■ T 1 be a character corresponding to the 
vector b v . 

(5) For every edge r C P and vertex r; £ r denote by i/ £ P 
an opposite vertex on that edge. Suppose first that b v > ^ b v . 
We define vector a„, r as the closest lattice point to b v lying on 
the ray starting in b v and containing b v >. If b v = b v ', we set 
a v ,r = b v + u r , where u r = aj A and a r is a primitive n -vector 
orthogonal to all columns of A with indices from the index set 
J, r = Fj. We require first nonzero component of the vector u r 
to be positive. 

(6) Every vector a v ^ r , v £ r C P, defines a character k v ^ r : T m —> T 1 . 

(7) Dehne the set X k as the set formed by all characters k v , v £ P, 
and k Vjr , v £ r C P. 

Note that if r C P is an edge containing vertices v and v', the vector 
u r = ajA is collinear with b v > — b v . if the last vector is not zero. 

Example 5.8. Consider a manifold CP” that is a toric variety over 
the polytope A" C M n+1 = R m . In this case (n x (n + l))-matrix A has 
the form 



and the matrix C is a vector (1,..., 1) T of length (n+1). The characters 
of the group K are defined by numbers b £ Z m ~ n = Z. 

Let us first consider the case when k is a trivial character and 
b = 0. For every vertex v = Fj £ A” we have Ci = (1). Then 
b v — (0,..., 0) £ Z” +1 for all vertices v £ A”. If r — Fj C A” is 
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an edge, then vector a r G Z" may be found explicitly, by solving 
(n — 1) linear equations. Suppose, for example, that r = Fj, where 
J = {1,..., n — 1}. Then the primitive vector a r is orthogonal to first 
(n — 1) columns of the matrix A, which coincide with first (n — 1) 
columns of unit (n x n)-matrix. It follows that a r — (0,..., 0,1) G Z". 
The vector u r = ajA G Z" +1 is equal to (0,..., 0,1, —1). 

Similarly, u r = ajA = (e, — ej) for every edge 
r = Fj, J = [1 ,n + 1] \ {i, j}, l^i<j^n+l. So 
X £ = {c 0 } U {c ei - ej | 1 ^ i < j ^ n + 1}j where we denote by 
c x G ch(T m ) the character determined by vector x G Z m . In 
general, for every projective toric variety the vector u r , r C P, 
coincides with primitive vector collinear with the edge ip(r) C M m . 

We have 93 e ._ ej = ZiZj for 1 ^ i < j ^ n + 1. It is clear from the 
construction that maps <^ e ._ e are invariant under the diagonal circle 
action on C n+1 . The moment-angle manifold Z^n of the simplex A" 
is the sphere S 2n+1 . The projection map pA n is given by the formula 

7T- {7T, | 1 j 

(z 0l ..., z n ) —> ( z 0 z 0 ,..., z n z n ). We may identify space M n+1 x C 2 
with space of Hermitian ((n + 1) x (n + l))-matrices. Then the map 

PA-n x ip : S 2n+1 —> M n+1 x C 2 is given by the formula 

z t—» z T z, 

where z = (To; • • •, z n ), z = (zo ,..., z n ) and z T is z transposed. 

The map pA n X ip: S 2n+1 —» M n+1 x C 2 generates an embedding 
of the quasitoric manifold 

nx ip: C P n -> M n+1 x C 1 ^. 

Note that the total number of monomial functions is equal to the 
number of edges in A n . This number is less than the upper bound 
for \Xj,\, which is / 0 (A n )(n + 1) = (n + l) 2 . 

Consider now the simplest non-trivial character of the subgroup 
K determined by the element b = (1) G Z. Since (7/ = (1) 
for any vertex v = Fj G P, the character k v corresponding to 
v = 6i = (0,..., 0,1, 0,..., 0) G A n is also determined by the vector e*, 
i G [l,n+ 1]. So all of the vectors b v ,v G P, are pairwise distinct. 
If v' = ej is another vertex of the simplex, then the edge r C A" 
containing v and v' does not contain any other lattice points, so 

(.!.■ / j 1* byf • 

Therefore, the map (p v ^ is formed by (n + 1) monomial functions 
which in this case coincide with coordinate functions on C n+1 . The 
corresponding projective map is simply the identical map CP" —» CP". 
We can see that the dimension of the projective embedding is even less 
than the dimension of the affine embedding constructed above. Another 
important thing to note is that the embedding is generated only by the 
component ~ k : the moment map n is not necessary in this example. 
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This is common for quasitoric manifolds coming from projective toric 
varieties; we will give the precise formulation later, in 16.11 

In the remaining part of this section we prove theorem 15.61 Recall 
that for any vertex v G P b v G Z m is the vector corresponding 
to the character k v G X k and a„, r £ Z m the vector corresponding 
to the character k v>r € X k . We show first that the projective map 
<, p p k is well-defined. It is enough to check that there exists a subset 
in X k such that the corresponding monomial functions never vanish 
simultaneously on the moment-angle manifold Zp C C m . 

Lemma 5.9. The maps <pb v , v G P, do not vanish simultaneously on 
Z P . 

Proof. If k = 1, then (fb v = 1 for all v G P, so the statement of the 
lemma is obviously true. Suppose that the character k is non-trivial and 
all maps <pb v vanish in some point z G Zp. Consider now some vertex 
i’o G F(pp(z)). If F(pp(z )) = Fi, then all coordinates of the vector b VQ 
with indices from the set / are zero. Therefore, the monomial function 
cpb v depends only on nonzero coordinates of the point z. □ 

We see that the map <p p k : M —> C P r ~ 1 is well-dehned. Suppose now 
that ( 7 r x ip)(z) = ( 7 r x <p){z') for some z,z' G Zp. Since 7 t(z) = 7 t(z'), 
the points z and z 1 lie in the same orbit of the action of T m , so there 
exists an element t — (fi,... ,t m ) G T m such that z\ = t t Zi, i G [1, m]. 
If F(pp(z)) = F(pp(z')) = Fj , then this element t G T m is defined only 
up to the coordinates from the set /, which, in turn, may be arbitrary, 
since z\ = z^ = 0 for i G /. Showing that 7T x (p F k is an embedding of 
the quasitoric manifold M is equivalent to proving that if 7 r(T) = tt(z') 
and ip Pk (z) = (p Fk (z > ), then there exists an element t G K such that z* 
= tz. 

Choose an arbitrary vertex v 0 G Fj and let r , 1 ,..., r f ] im Fj = r n-\i\ be 
edges of the face Fj containing v 0 . 

Lemma 5.10. If dim Fj > 1, then isotropy subgroups 

x(tt), ..., x{ r dim Ff) are pairwise distinct. 

Proof. The statement of the lemma follows from the fact that the 
action of T" is locally standard in the neighborhood of the point 
7T _1 (l7 0 ) £ M. □ 

It follows that vectors u n = a vo , ri — b vo , i G [1, dim Fj ], are also 
pairwise distinct and linearly independent. 

n 

Lemma 5.11. If v 0 = fj Fj, then j-th coordinate of the vector u ri is 

3 =1 

equal to ±1, if vq = r* D Fj, and to zero otherwise (if r* C Fj). 

Corollary 5.12. All of the coordinates of u ri , i G [l,dimF/] ; 
corresponding to the indices from the set I are zero. 
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Proof. As we know, every vector u n determines a character 
[i r T m —> T 1 such that t G ker fi r . if and only if l(t) acts trivially 
on the two-dimensional sphere 7r -1 (?y). If we have C Fj, then j'-tli 
coordinate of all points in / Op 1 (rj) C Z P C C m is zero. So s G ker /i Tt for 
every s G T,-. Since the homomorphism l: T m —> T n is a characteristic 
function, the restriction of / to the torus generated by subgroups Tj , 
Vo G Fj, is an isomorphism. If Vo = r, D Fj and j'-th coordinate of u ri 
is not ±1, then the isotropy subgroup of any point in 7r -1 (7y) cannot 
be isomorphic to T 71 , so the action of T" on M would not be locally 

standard in this case. □ 

If z' = tz and <p v ~ k (z') = <p ¥ p k (z), then <p Ur .(z') = tp Ur .(z ) 
for all u ri . Denote by pi(t) an image of the element t G T m 
under the canonical projection pj: T m —> Then 

Pu ri ( z ') = Pu ri (t z ) = Pi(t) Ur i<p Ur .(z) and we have pi(t) Ur i = 1 for 
all * G [1, dim Fj]. We will show that pi(t) G pi(K ); surely, this implies 
that there exists an element t G K such that z! = tz. 

The vectors uf , i — 1... dim Fj, with coordinates from the index set 
/ removed form an integral matrix A j of the size (dim F i x ( m — 1^1))- 

Lemma 5.13. The sequence 

i . nprn—n rj, Aj rjpdimFr . i 

1—^1 - > 1 [l,m]\/ -> 11 t 

is exact. 

Proof. By 15.121 we have A jCj = 0, since uf.C = 0 by lemma 15.21 
By lemma 14.71 the matrix Cj determines a monomorphism of the torus 
T m ~ n to a direct factor in Tm , m ]\/. The matrix formed by u n contains 
a unit submatrix of rank (n — |/|) by the lemma 15.111 Therefore, the 

map Tm m i\ / —b 'jpdim Fi j g e pi mor phic and its kernel coincides with 
Im(C'j). □ 

Lemma 15.131 completes the proof of the part of theorem 15.61 
concerning the injectivity of tt x (p Vk - Indeed, if pi(t) Ur i = 1 for all 
Ti, then pi(t) G C I (T m ~ n ) = pi{K). 

Let us now prove the part of theorem 15.61 concerning pullback map 
in cohomology. If <CP g ~ 2 C CP 9-1 is an embedding of one of standard 
coordinate hyperplanes, then the corresponding monomial function is 
given by a vector a G Z m , where a is either one of the vectors b v , v G P, 
or one of the vectors a v<r , v G r C P. The preimage (^“-(CP 9-2 ) C M 

is then formed by a union of characteristic submanifolds 7r^ 1 (Pj) C M, 
Fj C P. The multiplicity of each component 7r _1 (Pj) is equal to 
j-tli coordinate of the vector a. The second cohomology group of the 
quasitoric manifold M is a free abelian group generated by duals of 
characteristic submanifolds and factorized by relations given by rows 
of the matrix A. If the character k is non-trivial, then, by lemma 15.21 
a Im(A r ) , so the pullback map is nonzero. If the chacacter k is trivial, 
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then the image of the map lies entirely in an affine chart of 

C P q ~\ 

Let us finally check that the map 7 r x (p v j, is a smooth embedding 
of M. The map pp x is constant on orbits of the action of K, so 
any vector that is tangent to orbit lies in the kernel of (pp x (p Pk )*. 
We need to show that the kernel of (pp x <p p j.)* in any point z G Zp 
does not have vectors other than tangent to orbit. The map pp x tp v ^ 
commutes with the action of T m on Zp, so it is enough to check the 
case z G s(P) C Z P , i.e. all coodinates of z are real and non-negative. 
Let v be an arbitrary vertex of the face F = Fj = F(pp(z)). We may 
suppose that / = {1... k} and v — Fi fl... fl F n . 

Consider the following system of local coordinates in the point 
z G Z P \ 

(1) Cartesian coordinates X\,yi,..., x k , ]Jk] 

( 2 ) arguments t k+ 1 ,..., t n of complex coordinates z k + 1 ,..., z n ; 

O 

(3) local coordinates in the image s(p) C Zp. 

Choosing a system of local coordinates in the orbit of the action of K 
gets us a complete coordinate system in the neighborhood of z G Zp. 

Let r\,... ,r n C P be edges outgoing from v. From the proof of the 
lemma 15.91 it follows that <Pb v { z ) 7 ^ 0. Now consider the following local 
coordinates in the image of the map pp x (p Pk '- 

( 1 ) real and imaginary parts of monomial functions <Pa vr /Fb v , 
i — 1... k; 

( 2 ) arguments of monomial functions (p av , r ./Fb v , i — k + 1 ,..., n; 

(3) local coordinates in the neighborhood of the point 

Pp 0) = ^OhO))- 

By lemma 15.111 every function <p av , ri /Fb v , i = 1 .. .n, has the form 
z^ 1 F{z), where F is a monomial function depending only on variables 
z n+ii^n+ii ■ ■ ■ 1 z vi i^vi ■ This implies that the square matrix of all 
partial derivatives in provided coordinate systems is non-degenerate. 

6 . Projective embeddings of toric varieties 

It is well known that a projective toric variety M is a symplectic 
quotient of a corresponding moment-angle manifold Zp C C m , which 
coincides with the level set of a Hamiltonian C m —>■ R m-n defined 
by the action of K C T m on C m . By Delzant theorem (P2J), the 
vertices of polytope P lie in the lattice Z n C M n . The lattice points 
from the interior of P (including those on the boundary) generate 
an embedding of M to the projective space indexed by these points. 
In other words, the statement of the theorem 15.61 may be strengthened 
for toric varieties - the embedding is determined solely by monomial 
functions, without the moment map. In this section we will give the 
proof of this statement which will not use algebraic geometry. This 
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allows to construct projective embeddings of symplectic toric varieties 
using only their symplectic quotient construction. 

By Kodaira theorem ([18]), if M is a compact complex manifold 
with a positive holomorphic linear bundle (for example, this is true, 
when M has a rational Kahler form), then there exists a complex- 
analytic embedding of M to CP”. A generalization of this theorem to 
the class of compact symplectic manifolds is Gromov-Tishler theorem 
(m, Pi) : any symplectic manifold with a rational symplectic form 
c o may be embedded into CP” in such a way that the form lo will 
be a pullback of the standard symplectic form on CP”. The proof of 
both theorems is essentially based on analysis, in particular, on theory 
of elliptic operators. In the case of quasitoric manifolds the usage of 
combinatorial data (P, A) allows to avoid this machinery. 

If Cp is a cokernel matrix for Ap (see @), then one may choose 
Cp as the matrix C determining the subgroup K <—} T m . The polytope 
P C M” is mapped under ip: x i —> Apx + bp into an intersection of 
the corresponding affine n-plane with M" l 0 . The lattice points from the 
interior of P map into the set of lattice points y rj G TAC satisfying two 
conditions: 

• coordinates of all points yj are non-negative, 

• Cp(yi) = Cp{bp). 

This implies that all degrees of all variables Zi of a monomial map 
generated by any of y 3 G Sp are non-negative. It is a known result 
in toric geometry that the map defined by all of y 3 G Sp generates 
an embedding of M into space CP^ -1 (e.g.[15]). 

We will give the proof of this result in a slightly strengthened form. 
Since C T = Cp , the points {yj} all determine the same character 
kp\ K —>■ T 1 , which is also a restriction of the character defined by 
bp G Z m to the subgroup K. Let us construct the character set Xj tp 
and system of vectors {b v ,a v , r } as in theorem 15.61 In the case of toric 
variety vectors b v , v G P, correspond to the vertices of P, that is, b v 
= ip(v ) G Z m for all v. For every vertex v G P and an edge r C P 
containing v the vector a„, r is simply the point on the edge ip{r) that 
is closest to the vertex ip{v) (and not equal to it). 

Note that all of the vertex vectors b v are pairwise different, but this 
might not be true for a V)T . If an edge r contains vertices u 0 > V\ and there 
is no lattice points on i P {r) except ip(v 0 ) and ipiyi) themselves, then 
Uv 0 ,r = b v i and a vi:1 . = b vo , as in the example of CP” that we’ve seen 
before. If there is exactly one lattice point on ip{r) except ip (no) and 
ip(v i), then it is the middle of the edge ip(r) so we have a VQ)T = a Vl:r . 
There is also an important difference from the general situation of 
quasitoric manifold: exactly n coordinates of each vector b v , v G P, are 
equal to zero and the rest of (■m — n ) coordinates must be positive. 

We now formulate the main result of this section. 
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Theorem 6.1. Suppose that combinatorial data (P, A) of a quasitoric 
manifold M satisfies following conditions: 


• b P E Z m , 


• we have Ap = BAD, where B is an invertible integral {n x n)- 
matrix and D is a diagonal (m x m)-matrix with all nonzero 
elements equal to ± 1. 

Then the vector bp G Z m determines a character T m —> T 1 whose 
restriction to the subgroup K C T m gives a character kp\ K —> T 1 . 
The projective map (p ¥k : M —> <CP q ~ 1 constructed from the set X- k 
(see is a smooth embedding. 

Corollary 6.2. Suppose that M is a complete nonsingular toric variety 
determined by a normal fan of some simple lattice polytope P. Consider 
monomials determined by vectors b v = ip(v) G Z m ; v G P, and a V)T , 
v G r C P, where a V)T is a closest point to ip{y) on the edge ip(r). 
Denote by X P the set of all such monomials. Then the corresponding 


map of C m to C q , q = |Xp|, induces an equivariant embedding 
Tp,k P '■ M CP 9-1 . 


It is well known in algebraic geometry that a complete toric variety is 
projective if and only if its fan is a normal fan of some simple polytope 
(see e.g. USD- As shown in |23], there exist complete toric varieties that 
are not quasitoric manifolds. 

Example 6.3. Consider a quasitoric manifold over the polytope 
P = A n . In this case we have m = n + 1, Zp = S 2n+1 and K is a 
one-dimensional subgroup in T n+1 determined by ((n+ 1) x l)-matrix 
C. The condition of K acting freely on S' 2n+1 is equivalent to the fact 
that C = (ci, c 2 , • • •, c n+ i) T , where q = ±1. Then the reduced form of 
A is: 



Let B be a diagonal (n x n)-matrix with diagonal values 
CiC n+1 ,..., c n c n+i , and D be a diagonal (n + 1) x (n + l)-matrix with 
diagonal values c\C n+ \,..., c n c n+ i, 1. Then we have 



Consider the character of T m given by the vector bp = (0,..., 0, 1) T . 
The restriction of this character to the subgroup K C T ,n is dehned 
by the single number C T (bp) = c n+ \ G Z. Every vertex v — Fi G A" 
defines the (1 x l)-matrix Ci equal to (q). Consequently, the vector b v 
has the form (0,..., qc n+i ,..., 0) G Z n+1 . 
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Note that all vectors b v are pairwise different. If r is an edge 
containing vertices Vq and V\, then a V0)T is the closest lattice point 
to b vo on the ray that starts in b vo and goes through b vi . In our 
case we always have a„ 0jr = b vi . If iy G A”, i G [l,n + 1], then 
(fb v . = (A) CtCn+1 • These monomial functions generate an embedding 
of quasitoric manifold M = Z&n /K to the projective space CP 71 of the 
same dimension. Clearly this is an equivariant diffeomorphism with 
respect to the representation T n+1 /K —> T n and standard action of T" 
Ha C P n . 

Proof of theorem \6.1[ After a suitable basis change in n-dimensional 
torus T m /K we may assume that B is a unit matrix and Af, = AD. 
Next, since 0 = AfCf = A DCp, the matrix C = DCp is a cokernel 
matrix for A. 

Suppose that the theorem is proved when D is a unit matrix and 
A = Ap. Then the set of vectors b v and a v>r constructed from the 
character defined by vector Cp(bp ) G Z m-n determines a monomial 
map Zp/K — M — > CP 9 ^ 1 . Here the subgroup K C T m is an image of 
the torus T m_n under the embedding induced by the matrix DC = Cp. 
It follows that the system of vectors Db v and Da vr generates an 
embedding M —> CP 9-1 of initial quasitoric manifold M. Therefore, 
it suffices to prove theorem 16.11 in the case of B and D being unit 
matrices. Moreover, the proof of theorem 15.61 shows that we only need 
to establish the following result. 

Lemma 6.4. If z',z G Zp and if> p ^ p (z') = f> p ^ p (z), then |z'-| = \zj\ 
for all j G [1, m\. 

Proof. Suppose that z',z G Zp and (p ¥ k p {z') = Pp t k p (z)- Let us first 

O 

show that there exists a face F C P such that pp(z'), pp(z) GP. 

The sets I' and / of indices of zero coordinates of 2 and z' correspond 
to some faces Fp and P/ of the polytope P. If Fp P/, then there exists 
a vertex v that belongs only to one of the faces; suppose that v G Fp, 
v fz Fj and Fj is a hypersurface containing P/ and not containing v. 
Then the degree of Zj in the monomial ipb v is strictly positive, so ip\ )v (z) 
= 0. Since the set of nonzero coordinates of the vector b v is contained 
in the set [1 ,m] \ P, we have tpb v (z') ^ 0. □ 

As a consequence, there exists an index set / and a face P/CP such 
that z\ = Zi = 0 « G /. Let J = [1 ,m) \ I. Consider vectors /3, 

/T, w, w' with components j3j = \zj\ 2 , /3j = |z'| 2 , Wj = (logj^j 2 ), 
Wj = (log | z'j | 2 ), j G J. Consider the composition of the affine 

maps -Lp M” AC. where the hrst map is an affine embedding 
of P C onto the face Fj C P C M n . Then we have f3',f3 G Jf(P)- 
Let x', x G P be the points in the interior of P C l fc such that 
Lp(Jf(P)) = /T, ip(j F (x)) = p. 
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Proposition 6.5. Let H : U —> R fc 6e a smooth map defined on an open 
convex region U C R fc . Suppose that Jacobian Jh of H is symmetric 
and positive definite in each point of U. Then H is an embedding. 

Proof. Let x,y G U, x ^ y and p(t) = x + t(y — x) be the segment 
joining x and y. Since Jh is symmetric and positive definite, we have 
( Jh(w),w ) > 0 for any vector w in any point of U. Denote by H v 
the projection of H to the direction v — (y — x) — (it, • • •, ry). Then 
H v = where H = (H l ,..., H k ). The derivative of H v in the 

i 

direction v is therefore equal to ^— 'YhYh v i v j^f L = {Jh(v),v). 

i i j 3 

Since ( Jh{v),v ) > 0 everywhere on the path p(t), H v (y ) > H v (x), so 
H(y) H(x). □ 

Remark 6.6. Jh being symmetrical is equivalent to the fact that the 

n 

differential form uj = Hidxi is closed. By Poincare lemma, the form 

i— 1 

oo is exact on U. Therefore u = dF for some smooth F : U —> M and in 
this case Jh is Hessian of F. 

We will show below that the components of the monomial map (p^ p 

° . ° , 
generate the map H: F—> defined on the open face F C and 

satisfying conditions of lemma 16.51 

Consider an arbitrary vertex Vq G Fj C P. Denote by ri,...,rk, 
k = dim Fj, the edges of the face Fj containing v 0 . If ^ a „ 0 , ri : %p ~> C 
are the corresponding monomial maps, then there exists y G C* such 
that ipa vo , ri (z') = PTa V0:ri (z) for all i G [1 ,k\. Consider the maps 

<f>i(z) = \ ie[l,k\, z e Z P . 

v m vo {z )\ 2 J 

Then fifiz') = fifiz) for all i G [1, k\. 

Note that every function fa considered as the function of argument 
w is linear. If $ = (fa(w), ..., fa{w)) is the corresponding linear map 
from M J to M fc , then <L(-u/) = $(ta). We need to show that ft' = (3 or, 
equivalently, w' = w. Since the map jp is injective, w' = w if and only 
if x' and x coincide. 

It is enough to show that $( 10 ') = $(ta) implies that x' = x 
in jf ] (F r ) c M fc . Denote by pj\ R m —> R J the standard projection 
map. The composite map <L o pj o j F : R fc —> R fc is a smooth (not 
linear) function of x G R fc . The map o pj is linear by w. The 
linear function fii<zpj is defined by the m-dimensional coefficient vector 
u ri = (a „ 0 ,n ~ b Vo )- By lemma 15.21 we have u n G Imdp = ImA T . This 
means that the vectors u r% , which are also rows of the matrix $opj, 
are linear combinations of columns of the matrix Ap. 

Consider the matrix L\ of a linear map corresponding to the affine 
embedding ip o j F : R^ —y R m . The rank of Li is equal to k and its 
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rows are also the linear combinations of columns of Ap. Moreover, all 
columns of Li with indices from the set / are zero. Denote by L 0 the 
matrix of the mapping o pj which is linear by w = ( Wj ). As said 
before, the matrix L 0 is formed by vectors u n . By corollary 15.121 all 
coordinates of the vectors u ri , i G [1, A;], from the index set / are zero. 
By lemma 15.111 the matrix L$ contains the unit submatrix of rank 
k, so Lq also has the rank k. The fact that the matrix Ap = A is 
a characteristic function now implies that every row of L\ is a linear 
combination of columns of L 0 . This means that there exists a (k x k)- 
matrix D such that DL 0 = L\. Since L\ has also rank k, the matrix D 
is invertible. We can see that the matrix of composition of <3? o pj with 
an automorphism of R k given by D is exactly the matrix Lj. 

Consider now the composite map 


j F Do&opj 

U —» -> R k , 


where U = j F 1 (Fj) is a convex region in R k . If Jf(x) = L\(x) + d, 
where d = (dj) and L\ = (Iji), then we have 

(dj lji%i T dj , 0/,: Ijk log(/3j) j 


and this implies 


d<t>k _ d(j) k dfij 

dxi ^ d/3j dxi 

j£j J 


Z l f l 


jk- 


We see that Jacobian of this composite map is symmetric and positive 
definite in every point of U. The proof of lemma 16.41 is accomplished 
by applying proposition 16.51 The fact that Jacobian is non-degenerate 
in every point of U also implies that (p v j Cp is a smooth embedding. □ 

n 

Note that the form lo = ( t ) %dx l in our case coincides with the form 

i =1 

i* P l log (/3j)df3j 1, which is obviously exact. 

Let us consider an example of toric variety of complex dimension 
three over Stasheff polytope K 5 . 

The matrix A = Ap has the form 


A = 


J 

0 


00-10 0 01-1 
10 0 - 10-101 
010 0 - 1-110 
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and the vector b P is equal to (0, 0, 0, 3, 3, 3, 5, —1, 2) T . The matrix 
C = Cj, may be chosen in the form containing only zeros and ones: 


C 


n o o l o o\ 
0 1 0 0 0 1 
0 0 110 1 
1 0 0 0 0 0 
0 1 0 0 0 0 
0 0 1 0 0 0 
0 0 0 1 1 1 
0 0 0 0 1 0 
\0 0 0 1 1 0 / 


Note that fixing C = C P immediately allows us to write explicitly 
all of the equations that define the moment-angle manifold Z P C C 9 . 
When all of entries of C are non-negative, the manifold Z P is 
an intersection of spheres and cylinders in corresponding Euclidean 
space. In our case the manifold Z P C C 9 is given by the following 
equations: 

\Zi\ + 1 ^ 4 ) — 3, 

I -^21 2 + Nh = 3, 

| ^-31 2 T | ^61 2 = 3, 
l^i| 2 +1-^31 2 + M 2 + 1^9^ = 7, 

I 12 1 I 12 1 I 12 /? 

\ z 7\ + | ^8 1 + | £ 9 1 — 6, 

|^2 | 2 + N 2 + |^71 2 — 5. 

The moment-angle manifold Z P C C 9 has a real dimension 12. It is 
endowed with the action of the compact torus T 9 , with six-dimensional 
subgroup K C T 9 acting freely on Z P . 

Stasheff polytope may be obtained from the cube 1 3 by a sequence 
of cutting faces of codimension two. The polytopes that are obtained 
from the n-dimensional cube in this way are called 2 -truncated cubes. 
The theory of 2-truncated cubes has been developed in the paper [6j; 
the class of 2-truncated cubes provides a wide variety of quasitoric 
manifolds with an explicit description of the data (P, A). When a face 
of codimension two of the simple polytope P is cut, the corresponding 
matrix A = Ap is extended by a column that is a sum of two other 
columns of A; these columns correspond to facets adjacent to the face 
being cut. 

If we enumerate the facets of Stasheff polytope according to the 
rows of the matrix C (see above), then two-element sets corresponding 
to the edges of I< 5 are (1, 2), (1, 5), (1, 6), (1, 7), (1, 8), (2, 3), (2, 6), 
(2, 8), (2, 9), (3, 4), (3, 5), (3, 8), (3, 9), (4, 5), (4, 6), (4, 7), (4, 9), 
(5, 7), (5, 8), (6, 7), (6, 9). For every pair of numbers we need to 
exclude two corresponding rows from the matrix C and then find the 
cokernel matrix (it would be a vector in Z 7 ). Let us write out all of 




EMBEDDING THEOREMS FOR QUASITORIC MANIFOLDS 


25 


the corresponding maps : C 9 —> C: 


<^12 = 2 3 2 6 2 7 2 8 , 

Pl 7 = Z 2 Z 3 Z5 Zq Zg Zg , 

P 26 = 2i2 4 2 8 2 9 , 

P 34 = Z 2 Z 5 Z 7 Z 9 , 

<^39 = 2iZ 2 £ 4 2 5 2 7 2 8 , 

^47 = Z 2 Z 3 Z 5 Z 6 Z 8 Z 9 , 

P 67 = 2i2 4 2 8 2 9 , 


^15 = Z 3 Z 6 Z 7 Z 8 , 

Pl8 = Z 2 Z 5 Z 7 Z 9 , 

¥>28 = 2i2 3 242 6 2 7 2 9 , 

¥>35 = 2 i 2 4 2 8 2 9 , 

<^45 = 2 3 2 6 2 7 2 8 , 

<^57 = 2 i 2 4 2 8 2 9 , 

¥>69 = 2 i2 2 2 4 2 5 2 7 2 8 . 


Pl6 = Z 2 Z 5 Z 7 Z 9 , 

¥>23 = 2i2 4 2 8 2 9 , 

¥>29 = Z 3 Z 6 Z 7 Z 8 , 

¥>38 = 2 2 2 5 2 7 2 9 , 

^46 = 2 2 2 5 2 7 2 9 , 

¥>58 = 2i2 3 2 4 2 6 2 7 2 9 , 


This example shows that even in non-trivial cases, when P is not 
a product of other polytopes, the number q of pairwise distinct vectors 
u r and pairwise distinct monomials <p Ur may be significantly less 
than fi(P) (the upper bound). In the case of Stasheff polytope we 
have q — 6 and fi(P) = 21. These monomial functions embed the 
quasitoric manifold corresponding to Stasheff polytope to Euclidean 
space R 3 x C 6 . 

Let us now construct the projective embedding of Stasheff polytope 
described in theorem 16. 11 According to the algorithm, we need to choose 
the set of lattice points in formed by vertices of the polytope 
ip(P) C R"q and the lattice points on the edges that are next to 
vertices. These lattice points determine monomial functions which in 
turn define an embedding of the manifold. 

The Stasheff polytope has 14 vertices - these are the points (1, 0, 0), 
(0,0,1), (1,3,0), (0,3,1), (2,0,0), (3,1,0), (3,1,3), (2,0,3), (3,2,3), 
(0,2,3), (0,3,2), (3,3,2), (0,0,3), (3,3,0). The additional points on 
the edges of P are (1,1, 0), (1, 2, 0), (2, 3, 0), (3, 2, 0), (0,1,1), (0, 2,1), 
(3,3,1), (3,1,1), (2,0,1), (1,3,2), (2,3,2), (3,1,2), (2,0,2), (0,0,2), 
(1, 0, 3), (0,1, 3), (1, 2, 3), (2, 2, 3) - 18 points in total. 

The following monomial functions define a projective embedding of 
the manifold corresponding to Stasheff polytope K 5 : 


¥>h = 2 4 2 4 2 3 2 g 2 y 2 9 , 

Pb 2 = Z 3 2 3 2 3 2 g 2 ^ 2 g, 


— -01-02^4^6^7^9’ 

¥>b 4 = Z 2 Z 3 2 3 2g 2 7 2g, 

Pb 5 = 2 4 2 4 2 3 2 g 2 y 2 8 , 

P&e 

_ -y3 -y zy2 /y 3 /y4 /y 2 

— ^l 2 2^5 2 6 2 : 7 Z 8 , 

¥>b 7 = 2 3 2 2 2 3 2g Z 7 Zg , 

¥>b s = 2 4 23 242 3 Z 7 2g, 

<A 9 

_ -y 3 -y 2 /y3 /y -y 5 ,y 

— /0 l /C 2 ^3^5^8^9? 

¥>b 10 = 2 2 2g 2 3 2 5 Zg Zg , 
ln _ ^3 ^3 ^3 J2 ^2 J2 

¥>b 13 — ^3^4^5^7^8^9> 

¥> bll = 2 2 23 2 3 2 6 2 8 Zg , 

_ ^3 ^3 ^3 J2 ^2 J2 

Pbn — M^2^6^7^8^9' 

Pbi2 

_ -y3 y/3 /y2 ,y -y4 /y2 

— -o^ ^2 ^3 ^ 6^8 ’ 

¥> ai = 2 4 2 2 2 4 2g 2g Zj Zg , 

ln _ „ _3,,3,,3 

Pa 2 ~ ^1^ 2 ^4^5^6^7^9> 


<^a 3 = Z\z\z4z\z$z 8 zli 

¥> 0 , 4 , = 2 4 2 2 25 2g 2 3 2g Zg , 

Pa 3 = Z 2 Z 3 2 4 2 g 2g 2 7 2 g, 


Pas = 2 2 2 3 2 3 25 2 g 2 y 2 g , 

Par = 2 3 2 2 2 8 2g Z 7 Zg Zg , 

Pa s = 2 3 2 2 2 3 2 g 2 g 2 3 2 g, 


<^a 9 = 2 4 2 3 2 4 2 3 2 g 2 7 2 g , 

¥>aio = 2 l 2 3 2 8 2 4 2 6 2 g 2 g, 

Pan = 2 4 2 2 23 2 4 2 6 2 g 2 g , 


Pa\ 2 = 2 3 2 2 23 2g 2 6 2y 2g 

¥>a 13 = Z\ZIZ4Z\Z^Z\, 

Pan = z 3 2 4 2|262 7 2 8 2|, 


Pair, = 2l 2 3 2 4 2 3 2y 2g 2g 

Pais = Z 2 z\z\z\z 7 zlzl, 

Pair = 2 l 2 2 23 2 4 25 Zg Zg , 


Pais = 2? 2 2 2 3 24 25 2g 2g 
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We see that the dimension of the projective embedding is much 
more than the dimension of the affine embedding, so in this sense the 
case of Stasheff polytope K§ is quite different from the manifold C P n 
corresponding to the simplex A™. 

References 

[1] Michael F. Atiyah, Convexity and commuting Hamiltonians, Bull. London 
Math. Soc, 14, (1982), no. 1, 1-15. 

[2] Glen E. Bredon, Introduction to compact transformation groups, Academic 
Press, New York-London, 1972. 

[3] V. M. Buchstaber, T. E. Panov, Torus actions, combinatorial topology, and 
homological algebra, Russian Math. Surveys, 55:5, (2000), 825-921. 

[4] Victor M. Buchstaber, Taras E. Panov and Nigel Ray, Spaces of polytopes 
and cobordism of quasitoric manifolds, Moscow Math. J. 7, (2007), no. 2, 
219-242. 

[5] Victor M Buchstaber and Nigel Ray, An Invitation to Toric Topology: 
Vertex Four of a Remarkable Tetrahedron, MIMS EPrint: 2008.31. 
http: //www.manchester.ac.uk/mims / eprints 

[6] V. M. Buchstaber, V. D. Volodin, Combinatorial 2-truncated cubes and 
applications, Associahedra, Tamari Lattices and Related Structures, Tamari 
Memorial Festschrift, Progress in Mathematics, 299, Birkhauser, Basel, 2012, 
161-186. 

[7] Victor M. Buchstaber (joint with Svjetlana Terzic), (2n, k)-manifolds and 
applications, Mathematisches Forschungsinstitut Oberwolfach Report No. 
27/2014,p.5-8 DOI: 10.4171/OWR/2014/27 

[8] Victor M. Buchstaber, Taras E. Panov, Toric Topology, AMS Math Surveys 
and Monographs, vol. 204, 2015, 518 pp. 

[9] Vladimir I. Danilov, The geometry of toric varieties Uspekhi Mat. Nauk 33 
(1978), no. 2, 85-134 (Russian); Russian Math. Surveys 33 (1978), no. 2, 
97-154 (English translation). 

[10] Michael W. Davis and Tadeusz Januszkiewicz, Convex polytopes, Coxeter 
orbifolds and torus actions, Duke Math. J., 62 (1991), no. 2, 417-451. 

[11] Michael W. Davis, When are two Coxeter orbifolds diffeomorphic?, The 
Michigan Mathematical Journal 63 (2014), no. 2, 401-421. 

[12] Thomas Delzant, Hamiltoniens periodiques et images convexes de 
Vapplication moment, Bull. Soc. Math. France 116 (1988), no. 3, 315-339 
(French). 

[13] N. Yu. Erokliovets, Buchstaber invariant theory of simplicial complexes and 
convex polytopes, Proceedings of the Steklov Institute of Mathematics, 2014, 
286,128-187 

[14] Gunter Ewald, Combinatorial Convexity and Algebraic Geometry, Graduate 
Texts in Mathematica, 168. Springer-Verlag, New-York, 1996. 

[15] William Fulton Introduction to Toric Varieties , Annals of Mathematics 
Studies, 131. The William H. Roever Lectures in Geometry. Princeton 
University Press, Princeton, NJ, 1993. 

[16] V. Ginzburg, V. Guillemin, Y. Karshon, Moment maps, cobordisms and 
Hamiltonian group actions, American Mathematical Society, 2002. 

[17] M. Gromov, A topological technique for the construction of solutions of 
differential equations and inequalities, Actes, Congres intern. Math., Tome 
2, pages 221 - 225, 1970. 



EMBEDDING THEOREMS FOR QUASITORIC MANIFOLDS 


27 


[18] Kodaira, Kunihiko, On Kahler varieties of restricted type (an intrinsic 
characterization of algebraic varieties), Annals of Mathematics. Second 
Series 60 (1): 28-48 (1954). 

[19] Mostow, George D., Equivariant embeddings in Euclidean space, Annals of 
Mathematics, Second Series 65: 432-446, 1957. 

[20] Tadao Oda, Convex Bodies and Algebraic Geometry. An introduction to the 
theory of toric varieties , Ergebnisse der Mathematik und ihrer Grenzgebiete 
(3), 15. Springer-Verlag, New York, 1988. 

[21] Palais, Richard S, Imbedding of compact, differentiable transformation 
groups in orthogonal representations, J. Math. Mech. 6: 673-678, 1957. 

[22] N. Robertson, D. P. Sanders, P. D. Seymour and R. Thomas, The four colour 
theorem, J. Cornbin. Theory Ser. B. 70, 2-44, 1997. 

[23] Yusuke Suyama, Examples of toric manifolds which are not quasitoric 
manifolds, Alg. Geom. Topol., to appear; arXiv: 1312.5973 

[24] D. Tischler, Closed 2-forms and an embedding theorem for symplectic 
manifolds, Journal of Differential Geometry, (12):229-235, 1977. 


